In this paper, we introduce the concepts of f -prime ideals, f -semiprime ideals and f -prime radicals in ordered semigroups. Furthermore, some results on f -prime radicals and f -primary decomposition of an ideal in an ordered semigroup are obtained.
Introduction and preliminaries
Prime radical theorem is an important result in commutative ring theory and commutative semigroup theory (see [1, 2] ). In [3] , Hoo and Shum gave a similar result in a residuated negatively ordered semigroup. Wu and Xie extended the result to a commutative ordered semigroup by using m-systems in [4] . In [5] , Tang and Xie characterized in detail the radicals of ideals in ordered semigroups. In 1969, Murata, Kurata and Marubayashi introduced the notions of f -prime ideals and f -prime radicals in ring theory (see [6] ), which generalized the concepts of prime ideals and prime radicals. In [7] , Sardar and Goswami extended these concepts and results of ring theory to semirings. In this paper, we introduce the concepts of f -prime ideals and f -prime radicals in ordered semigroups and extend some results of rings and semirings to ordered semigroups. We also introduce the notion of f -semiprime ideals in ordered semigroups and obtain the result that the f -prime radical of an ideal I in an ordered semigroup is the least f -semiprime ideal containing I.
Next we list some basic concepts and notations on ordered semigroups (see [8] ). An ordered semigroup is a semigroup (S, ⋅) endowed with an order relation " ≤ " such that (∀a, b, x ∈ S) a ≤ b ⇒ xa ≤ xb and ax ≤ bx.
Let (S, ⋅, ≤) be an ordered semigroup. A non-empty subset I of S is called an ideal of S if it satis es the following conditions: (1) SI ∪ IS ⊆ I; (2) a ∈ I and b ∈ S, b ≤ a implies b ∈ I. An ideal I of S is called weakly prime if AB ⊆ I implies A ⊆ I or B ⊆ I for any ideals A, B of S; an ideal I of S is called weakly semiprime if A ⊆ I implies A ⊆ I for any ideal A of S. For h ∈ S, we denote
A subset N of S is said to be a n-system of S if for any a ∈ N, there exists x ∈ S such that [axa) ⊆ N. 
f -prime ideals and f -prime radical of an ideal

De nition 2.1. Let S be an ordered semigroup. Denote by I(S) the set of all ideals of S. De ne a mapping f ∶ S → I(S) which satis es the following conditions
The ideals of S are the sets: {a}, {a, b} and S.
Let S be an ordered semigroup. Denote by fPI(S) and fS(S) the set of all f -prime ideals of S and the set of all f -systems of S respectively.
De nition 2.11. Let S be an ordered semigroup and I be an ideal of S. We call the set {a ∈ S (∀F ∈ fS(S)) a ∈ F ⇒ F ∩ I ≠ ∅} the f -prime radical of I, denoted by r f (I). Proof. Let J = ∩ P∈Γ P where Γ = {P ∈ fPI(S) I ⊆ P}. If x ∈ J, then there exists an f -prime ideal P containing I such that x ∈ P. Thus C(P) is an f -system containing x but C(P) ∩ I = ∅. Hence x ∈ r f (I). Therefore, r f (I) ⊆ J.
On the other hand, if y ∈ r f (I), then there exists an f -system F containing y such that F ∩ I = ∅. Thus y ∈ C(F) and C(F) is an f -prime ideal such that I ⊆ C(F). Hence y ∈ J and so J ⊆ r f (I). Therefore, r f (I) = J. 
f -semiprime ideals
In this section, we introduce the concept of f -semiprime ideals in ordered semigroups and obtain that the f -prime radical of an ideal I is the least f -semiprime ideal containing I.
De nition 3.1. Let S be an ordered semigroup. A subset A of S is said to be an fn-system of S if A = ⋃ i∈Γ F i where
{F i i ∈ Γ } ⊆ fS(S).
De nition 3.2. An ideal P of an ordered semigroup S is said to be f -semiprime if its complement C(P) in S is an fn-system.
Clearly, every f -system is an fn-system. Therefore, every f -prime ideal is an f -semiprime ideal.
Proposition 3.3. Let S be an ordered semigroup and I a weakly semiprime ideal of S. Then I is an f -semiprime ideal of S.
Proof. Since I is a weakly semiprime ideal, C(I) is a n-system. Thus C(I) is the union of some m-systems of S. Since every m-system is an f -system, C(I) is the union of some f -systems of S. Hence C(I) is an fn-system. Therefore, I is an f -semiprime ideal.
Proposition 3.4. Let P be an f -semiprime ideal of an ordered semigroup S and a
Proof. Suppose that a ∈ C(P).
where
Proposition 3.5. Let S be an ordered semigroup and I be an ideal of S. Then r f (I) is an f -semiprime ideal of S.
Proof. By Theorem 2.12, we know that r f (I) = ∩ P∈Γ P where Γ = {P ∈ fPI(S) I ⊆ P}. Thus C(r f (I)) = ⋃ P∈Γ C(P). Since every C(P) is an f -system, C(r f (I)) is an fn-system. Therefore, r f (I) is an f -semiprime ideal of S. The following result can be easily obtained from the above de nition. 
Proposition 3.11. Let S be an ordered semigroup and f a good mapping on S. If I ∈ I(S) and a ∈ S, then I ∶ a is either empty or an ideal containing I of S.
Proof. Suppose that I ∶ a ≠ ∅. Let x ∈ I ∶ a and r ∈ S. Then rx, xr ∈ f (x). Thus f (rx) ⊆ f (x) and f (xr) ⊆ f (x). Also f (a)f (x) ⊆ I. Therefore, f (a)f (rx) ⊆ I and f (a)f (xr) ⊆ I. Let z ≤ y ∈ I ∶ a. Then z ∈ f (y) and f (a)f (y) ⊆ I. Thus f (z) ⊆ f (y). Therefore, f (a)f (z) ⊆ I, which implies that z ∈ I ∶ a. Hence, I ∶ a is an ideal of S. Next we prove that I ⊆ I ∶ a.
Let b ∈ I and x ∈ I ∶ a.
Let S be an ordered semigroup and f a good mapping on S. Denote the following condition by (α):
If f (a) = I(a) for every a ∈ S, then S satis es the condition (α). But this is not true for any good mapping f . See the following example. 
It is easy to check that S is an ordered semigroup. The ideals of S are the sets:
{a}, {a, b} and S.
If we de ne f (a) = {a}, f (b) = f (c) = S, then it is easy to see that f is a good mapping.
Let I = {a, b} and F = {b, c}. Then F is an f -system with kernel F * = {c} and F ∩ I ≠ ∅. However, F * ∩ I = ∅. (1) and (2), we obtain r f (r f (I) ∪ r f (J)) ⊆ r f (r f (I ∪ J)) = r f (I ∪ J).
Proposition 3.13. Let S be an ordered semigroup and f a good mapping on S. If I, J ∈ I(S), then (1) I
(4) It is obvious that r f (I ∩ J) ⊆ r f (I) ∩ r f (J) from condition (1). Next we prove the other inclusion. Let x ∈ r f (I) ∩ r f (J) and F be an f -system containing x. Suppose that a ∈ F ∩ I and b ∈ F ∩ J. By assumption (α), there exist a * ∈ F * ∩ I and b
Combining Proposition 3.5, 3.6 and 3.13 (1), we have the following result. 
f -primary decomposition of an ideal
In this section, we introduce the concepts of f -primary ideals and f -primary decomposition of an ideal in ordered semigroups, and conclude that the number of f -primary components and the f -prime radicals of f -primary components of a normal decomposition of an ideal I depend only on I under some assumptions.
De nition 4.1. Let S be an ordered semigroup and f a good mapping on S. An ideal I of S is called left f -primary
if f (a)f (b) ⊆ I implies that a ∈ r f (I) or b ∈ I.
Remark 4.2. By symmetry, we call an ideal I of S right f -primary if f (a)f (b) ⊆ I implies that a ∈ I or b ∈ r f (I).
In what follows unless otherwise mentioned, f -primary means left f -primary.
By Proposition 2.9, we note that f -prime ideals must be f -primary ideals.
From De nition 4.1, we obtain easily the following result. Let S be an ordered semigroup and f a good mapping on S. Denote the following condition by (β):
Theorem 4.4. Let S be an ordered semigroup satisfying the condition (β). An ideal I of S is f -primary if and only if I ∶ J = I for all ideals J r f (I).
Proof. Suppose that I is an f -primary ideal of S and J is an ideal of S not contained in r f (I). Since S satis es the condition (β), I ∶ J ≠ ∅. Thus I ∶ b ≠ ∅ for all b ∈ J. Hence I ⊆ I ∶ b for every b ∈ J and so I ⊆ I ∶ J. Now we choose an element c ∈ J ∖ r f (I). By the condition (β), I ∶ c ≠ ∅. Moreover, f (c)f (a) ⊆ I for any a ∈ I ∶ c.
Since I is f -primary and c ∈ r f (I), a ∈ I. Thus I ∶ c ⊆ I. Therefore, I = I ∶ c and so I ∶ J ⊆ I ∶ c = I. Consequently,
Conversely, suppose that I ∶ J = I for all ideals J not contained in r f (I). Let f (a)f (b) ⊆ I and a ∈ r f (I). Since a ∈ f (a), f (a) is not a subset of r f (I) and so I ∶ f (a) = I. For any a From Proposition 4.3, we note that each f -primary decomposition can be re ned into one which is normal.
Let S be an ordered semigroup and f a good mapping on S. Denote the following condition by (γ): if for any f -primary ideal I of S, we have I ∶ I = S. If f (a) = I(a) for all a ∈ S, then S satis es the condition (γ). But the condition (γ) need not be satis ed for any good mapping f . 
